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Solving the problem of photochemical kinetics in a medium
with low reagent mobilities

Sergei V. Zelentso%, Samuel Kh. Aransohand Leonid A. Belyako¥

&Nizhny Novgorod Sate University, Gagarin Ave. 23, Nizhny Novgorod, 603950, Russia
E-mail: zelen@ichem.unn.runnet.ru
b Research Institute for Applied Mathematics and Cybernetics of Nizhny Novgorod Sate University,
Ulyanov &. 10, Nizhny Novgorod, 603005, Russia

Solutions of systems of partial differential equations (PDE) describing photochemical ki-
netics for such processes as 1} hv — B; (2) A+hv — BandB — A;(3)A+hv — B
andB — C; 4 A+ hv — B andB + hv — C were found. It was established that
when the intensity of UV light and the current time are used as independent derivatives, the
initial PDE system will split into the set of ordinary differential equations (ODE) in combi-
nation with the boundary and initial conditions imposed. These ODE may be solved exactly.
A procedure to obtain approximate solutions which are convenient to use was also proposed.
Errors of the approximate solutions were estimated. An alternative method to obtain approx-
imate solutions of the initial PDE consisting of transforming it to a system of the equations
that can be easily solved using the successive iterations has been proposed. The results ob-
tained may be useful for description photochemical kinetics in the media of low mobilities of
reagents.
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0. Introduction

Modern photochemistry has come across the problem of studying of photochem-
ical kinetics in the systems with low reagent mobilities. The main feature of the sys-
tems is the existence of a substantial inequality of molecules with respect to the in-
tensity of UV light initiating a photochemical reaction. Some approaches to describe
the kinetics of reactions in the said systems [1-7] have been proposed. However, a
great majority of the works deals with very simplified cases or uses some approxima-
tions restricting fields of their applicability tremendously. Developing general meth-
ods of constructing of the mathematical models of photochemical kinetics and of a
subsequent solution of the involved equations is an intriguing and important prob-
lem.

To take into account an inequality of molecules with respect to the UV light inten-
sity one can replace the integral form of the Lambert—Berr law with of the differential
one. Let us consider a sample irradiated by UV light as a system consisting of a large
number of the “elementary photochemical reactors”. The rate of a chemical reaction
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in each reactor is proportional to the photosensitive compound concentration and to the
intensity of the UV light absorbed by the reactor. When there is no transfer of a pho-
tosensitive compound, between the “elementary reactors” one will be able to write
down

0A;
ot
where A; = A;(x, 1) is the concentration of th&h substanceE = E(x,t) is the

intensity of the absorbed UV lighy; is a proportionality constant.
E can be determined using the integral form of the Lambert—Berr equation

E = Eo{l — eXp(-l ZaiAi>:|,
i=1

whereq; is the absorbance of thi#h substancek is the intensity of the UV light
irradiating an elementary reactais thickness of the reactor.
When! is small, one can write

= _(PiEAi, (1)

OE "
- = —E ,‘A,’. 2
o ;a )

Equations (1) and (2) together with differential equations of an ordinary chem-
ical kinetics for non-photochemical steps, proper boundary and initial conditions im-
posed and the reagents mass conservation relationships can be used to construct math-
ematical models describing the variation of a reactant concentration in space and
time in the course of a photochemical reaction. The similar models were used ear-
lier [2,6,7]. But in these works the exact solutions were not obtained even for simple
cases.

The need of such solutions is caused by difficulties associated with the correct
processing of the photochemical kinetics results obtained in experiments. We should
note that numerical procedures [8—10] are not appropriate being very time-consuming
and producing output which is hard to apply and interpret.

The aim of our paper is to obtain exact and/or approximate expressions describing
photochemical reaction kinetics when the UV intensity and the reagent concentrations
are not constant in space along an irradiated sample.

1. Mathematical models of ssmple photochemical reactions

Using the differential form of the Beer—Lambert equation one can obtain the fol-
lowing PDE systems describing the kinetics of simple photochemical reactions.
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Reaction 1 (A + hv — B). The process consists of the only photochemical step,
A — B:

0A

m +9EA =0,
B=Ap+ By— A,
0E
ox

The boundary and initial conditions asgx, 0) = Aq, B(x, 0) = Bg, E(0, t) = Ej.

= —E[as(Ao+ Bo) + (ax — ag)A].

Reaction 2 (A + hv — B and B — A). The process consists of two steps, photo-
chemical,A — B, and thermalp — A:

IA
—— t(k+9E)A = k(Ao + Bo),

at
IE
== —E[ag(Ao+ Bo) + (as — ag)A].

The boundary and initial conditions to be imposed afe,0) = Ay, B(x,0) = By,
E(O, t) = Eo.

Reaction 3 (A + hv — B and B — C). Herein, the first stepd — B, is photochem-
ical and the second on8, — C, is thermal:

8A+ AE =0
a[ (p - ™

8Bﬁ-kB— EA
ot e
C=Ao—A— B,

0E

= —E[(ax —ac)A + (ap — ac)B + ac Ao

The boundary and initial conditions are(x,0) = Ag, B(x,00 = 0, C(x,0) = 0,
E(O, t) = Ej.

Reaction4 (A+hv — Band B+hv — C). The process consists of two photochem-
ical stepsA — B, and,B — C:

3A+ EA=0
31‘ ()01 - ’
3B+ EB =¢p EA
| Py @2 =0 ’
C=Ay—A-B,
oE
i —E[(as —ac)A + (ap — ac)B + ac Ao).
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Table 1
Parameters for a system of the first type.
Reaction No. a1 ar a3 £1 £2
1 0 0 ¢ ap(Ag+ Bg) aus—ap
2 k(Ao+Bo) k ¢ ap(Ao+Bo) ap—ap
Table 2
Parameters for a system of the second type.
ReactionNo. w3 pB1 B2 B3 &1 &2 £3
3 1% [0 k 0 acAo aps—ac ap-—ac
4 1 ¢1 0 @2 acAg as—ac ap-—ac

The boundary and initial conditions to be imposed drg, 0) = Ag, B(x,0) = 0O,
C(x,00=0,E(Q,1) = Eo.

The initial concentrations of reagems B, C are Ao, By, Co (in M-m~3) while
the concentrations at a distange(in m) across the sample at a current timare
A=A(x,t), B=B(x,t), C =C(x,t). Monochromatic UV radiation of intensity at
the surface of the sample & (in W-m~2) and at a distance across the sample at
the current time is E = E(x,1). as, ag, ac are absorption coefficients df, B, C
(in M~2.mP). k is the first-order rate constant (in’g andy, ¢1, ¢, are “effective” rate
constants of the corresponding photochemical reactions (ihivf.s™1).

To simplify the further considerations let us subdivide the PDE systems as being
of the first (reactions 1 and 2) and second type (reactions 3 and 4).

The first type system (definitions of the parameters are shown in table 1):

d0A
— + (a2 +az3E)A = ay,

at
oE
— = —E(e1+ &24),
ox

has the following boundary and initial conditionsA(x,0) = Ag, B(x,0) = 0,
E(O, t) = Eo.
The second type system (definitions of its parameters are shown in table 2):

8A+ EA=0

4 =0,

ar 0

8B+(,3 + B3E)B = BLEA

) 31‘ 2 3 - 1 ’ (4)
C=Ay— A—- B,

0E

— = —FE(e1+ A + e3B)

ox
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has the following boundary and initial conditionsA(x,0) = Ag, B(x,0) = 0,
C(x,00=0,E(,r) = Ep.

2. Solving of the systems by the coordinate system changing

Havingd E/dx # 0O for all x > 0 andr > 0, one can transform the systems from
the independent variables,and¢, to the independent variableB,andz. Then the first
type PDE system splits into two ordinary differential equations (ODE) and one equality,
and the second type system splits into three ODEs and one equality.

Then the first type system takes form

dA
— + Pi(E)A = ay,

dr
B=Ao+ By— A, (5)
dx _ 1
dE  Equ(E.t)’
where
A(E,0) = Ao, B(E,0) =0, x(Ep, 1) =0,
and

Pi(E) = a2 + a3k, qi1(E, 1) = &1+ e2A(E, 1).
Being treated in the same way, the second system splits into

d—A + p2(E)A=0
d[ p2 - ]
dB + p3(E)B = BLEA
g TEE T AR (6)

C=Ao— B — A,
dx B 1
dE~  Eg)(E,1)’

where

A(E,0) = Ay, B(E,0) =0, C(E,0) =0, x(Eg,t) =0,
and

p2(E) = a3E, P3(E) = B2+ B3E, q2(E, 1) = e1+ &2A(E, t) + e3B(E, 1).
The exact solution of equations (5) can be easily obtained:

A=A(E,t) = ai(E) + bi(E) exp[— p1(E)t], (7.1)

B=B(E,t) = Ao+ Bo— A(E, 1), (7.2)

x=x(E, 1) = /EO e (7.3)
E uqa(u, 1)
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where

The exact solution of equations (6) can be written as

A=A(E,1) = Agexp(—pa(E)t), (8.1)
_ _ AoBrLE _ _ _
B—B@J)—Eﬁatﬂﬁahﬂ{pjﬂﬂ exd—ps(E)t]},  (8.2)
C=C(E,t) = Ao— A(E,t) — B(E, 1), (8.3)
x=x(E t)—/EOdiu (8.4)
T e uga(u ) '

In the general case integrals (7.3) and (8.4) are not easy to evaluate. However, they
can serve as the starting point to construct a family of approximations.

At the first step functiong,(E, t) andg,(E, t) may be approximated by the first
term of the series expansions

dq1(Ep,

q1(E, 1) = q1(Eo, 1) + %(E —E))+---, (8.5)
dg>(Ep,

g2(E. 1) = ga(Eo, 1) + %(E CEg) 4+ (8.6)

Substitution ofg.(E,t) ~ g1(Eo,t) and g2(E,t) =~ g2(Ep,t) into equations (7.3)
and (8.4) gives the approximate solutions forx; andXx>,

Eo 1 E

f1=%.(E. 1) :/ i n=2 (8.7)
g uqi(Eo,t) qi(Eo,t) E
Eo 1 E

Xo=X2(E, 1) =/ " = n—o. (8.8)
g uqx(Eo,t)  q2(Eo,t) E

Upper estimates of the relative errors appeared due to use of the approximations
given by equations (8.7) and (8.8) were obtained (see appendix):

8x1 < AgVi(ptE, ¢t Eg) aa—Aap ’ ©.9)
q1(Eo, 1)
as, —ap [ k(Ao + Bo)p(Eg — E)
dx2 < + AoVa(t(k + @E), t(k + gE
’ 6]1(E0,l‘){ (k + @Eo)(k + ¢E) oVa(t(k + @E), 1 (k + ¢ Eo))

(8.10)

k(Ao + B@{exp[_“k +eEol | et} } ‘

k+ ¢Ey
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Here, we have e- 2.718281828. . .

dx3< A 7V tEg, ot E
x3< Ag 72 (Eo. D) (ptEo, ¢ )’
&2 Eq E
+ @Aop { Vi(ptEg, kt) — Vi(pEt, kt)H, (8.11)
q2(Eo, 1) pEo k—oE
dx4< Ao —Vl((PltEO (PltE)‘
q2(Eo, 1)
/(@1—¢2)
€3 e\ ¢1
+ @140 |:V1(<PlEol, p2Eot) + <—) (1 - —ﬂ ‘
(92 — 91)q2(Eo, 1) ¢ ®2
(8.12)
where

Vi(x, y) = exp(—x) — exp(—y).

(Here and below capped symbols suchcag, 1), E(x, t) etc. denote the approximate
solutions.)

To simplify the usage of the results obtained we have written them down for both
(E,t) and (, ) sets of the independent variables.

In the case of reaction 1 one can write down for thand: variables

A(E,t) = Agexp(—eETt), (9.1)
B(E,t)=Ag+ By — A(E, 1), (9.2
HE e L nko
X(E, 1) = T (EoD) In " (9.3)
where
q1(Eo, t) = ap(Ao + Bo) + Ao(as — ap) eXp(—¢ Eot); (9.4)

and for thex andr variables

E(x, 1) = Eoexp[—q1(Eo, H)x], (9.5)
A(x, 1) = Agexp[—pE(x, 1], (9.6)
B(x,1)=Bo+ Ao — A(x, 1). 9.7)

In the case of reaction 2 one can write down fbandt variables
k(AO + Bo) (pEAO — kB()

A(E, 1) = K+ oE + T oE exp[—(k + pE)t], (10.1)
B(E,t)=Ag+ By— A(E, 1), (102)
X(E, 1) = ! B (10.3)

- @@ n —_—,
q1(Eo,t) E
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where

q1(Eo, t) =ap(Ao + Bo)

k(Ao + Bo)  @EoAo—kBo
— exp —(k Eot|;, (10.4
+ (aa aB){ %+ oEo %+ oL o —(k + ¢ Eo) ]} (10.4)
and for thex andr variables
E(x, 1) = Eoexf[—q1(Eo, x], (10.5)

_ k(Ao+ Bo) | ¢AoE(x, 1) — kBo
T k+9E@x, ) k+eEx, 1)
B(x,t)= Ao+ Bo— A(x, 1). (10.7)

Ax, 1)

exp[—(k + 9E(x,0)t]. (10.6)

In the case of reaction 3 one can write down for thandr variables

A(E,t) = Agexp(—eETt), (11.1)
EA

B(E, 1) = k‘p_ (pz Vi(oEt, kt), (11.2)

C(E,t)=Ao— A(E, 1) — B(E, 1), (11.3)

~ _ 1 Eo

xX(E,t)= —ql(Eo, 5 In " (11.49)

where

pEoAo(ap — ac)
q1(Eo,t) = acAo+ Aolas — ac) exp(—eEot) +

Vi(pEot, kt),

k— (pEO
(11.5)
and for thex andr variables
E(x,1) = Eoexp[—q1(Eo, Hx], (11.6)
A(x, 1) = Aoexp[—¢E(x, Nt], (11.7)
~ 9E(x,1)Ag ~
B(x,t) = ———=—Vj(ptE(x, 1), kt), 11.8
(1) = 1 oy Valet £ ) ki) (11.8)
C(x,t)=Ag— A(x,t) — B(x, ). (11.9)
In the case of reaction 4 one can write down for thandr variables
A(E,t) = Agexp(—@1Et), (12.1)
A
B(E, 1) = 220 v (oEt, g ED), (12.2)
@2 — @1
C(E,t)=Ag— A(E,t) — B(E, 1), (12.3)
1 E
X(E, 1) = In=2, (12.4)

- n J—
q1(Eo,t) E
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where
@1Ao(ap — ac)
q1(Eo, 1) = acAo+ Aolas — ac) exp(—e Eot) + P Vi(p1Eot, p2Eot),
(12.5)
and for thex andr variables
E(x,1) = Eoexp[—q1(Eo, Hx], (12.6)
A(x, 1) = Aoexp[—@iE (x, Dt], (12.7)
- A - -
Bex.t) =220 vy (guE(x. 01, goE(x, 1), (12.8)
Y1 — Q2
Cx,t)=Ao— A(x, 1) — B(x, ). (12.9)

3. Solving the PDE systems with iterative methods

Let us find solutions of the first and the second type systems by the method of
successive iterations. For the first type systemmthestep solutionsA™, Bl"l and E!",
are related to thén — 1)th step solutionsA”—*, B~ and E"~1I, with the following
expressions:

dA[n]

i (a2 + oz E" AN = o, (13.1)
Bl = Ao+ Bg — A[n], (132)
dE[n]

I m— L (81 + 82A[n71]). (13.3)

Here, the boundary and initial conditiong{!!(x,0) = Ao, B"(x,00 = By,
E"(0,1) = E,, are to be fulfilled. In the case of the second type system one can
write down thenth step solutionsA”!, B! c!"l and E!"!, as

dal
T azAMEY =, (14.1)
dsln!

J =g~ T (Bt BE ) B = pyEHAN, (14.2)
C" = Ag— Al _ gin, (24.3)
det

O = —EW (81 + 82A[n71] + 83B[n71]), (14.4)

where

Al"l(x,0) = Ao, B"l(x, 0) = B, C"l(x,0) =0, E"(0,1) = Ej,
0<n <o
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Solving systems (13) and (14) as the first-order ODESs having variable coefficients
and variable right-hand parts, one obtains general solutions for the first type system

t
A (x, 1) = Ag exp{—|:oc2t + oc3/ E" Y, 1) dt]}
0

t t
+a1/ exp{—[az(t—r)-l—ozg/ E[”—”(x,g)dg“dr, (15.1)
0 T
B"(x,1)= Ao+ Bo— A" (x, 1), (15.2)
EM(x,1)=Eg exp{—[slx + & / AU, 1) dn“, (15.3)
0

and for the second type one:

t
A[”](x,t):AoeXp{—[agt +a3/ E[”_l](x,t)dt]}, (16.1)
0
t
B (x, 1) = iy / AP, ) EP Uy, 1)
0

x expy —| B2(t — 7) +ﬂ3/ E["l](x,s)ds]}dr, (16.2)

C"(x,t)=Ag— A" (x, 1) — B"(x, 1), (16.3)

X X
E["](x,t)oneXp —|e1x +82/ A["*l](n,t) dn —{—83/ B["fl](n,t) a’n}}.
0 0

(16.4)
Let us consider the first type system. The zeroth approximation can be written as
A%, 1) = Ao, B%x, t) = By, E%x, 1) = E,. (15.4)

Substitution ofA® (x, r) and EI%(x, r) into equations (15.1) and (15.3) gives the
first-order approximation

AN (x, 1) = ay + by exp(—pat), (17.1)
BM(x, 1) =Ag+ By — AW (x, 1), (17.2)
EM(x, 1) = Egexp(—gx), (17.3)
where
p1 = a2+ askp, a; = %, by = Ao — ay, g =é1+ Ace2.  (17.4)

Substitution ofA(x, 1) and E™(x, 1) into the right-hand part of the general so-
lutions given by equations (15.1) and (15.3) permits one to obtain the second-order ap-
proximations
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AP (x, 1) = ay(x) + by(x) exp(—1p1(x)), (18.1)
B@(x,1)=Ag+ Bg — A®(x, 1), (18.2)
EP(x, 1) = Egexp[—xq1(1)], (18.3)
where
p1(x) = az + azEg€Xp(—gx), ay(x) = - ,
pa(x) (18.4)

q1(1) = &1+ e2[ar + brexp(—ip1)], bi(x) = Ag — ai(x).
For the second type systems one can start from
A%, 1) = A, BY(x, 1) =0, Cc%x, 1) =0, E°x, 1) = Eo. (18.1)

Substitution ofA[% (x, t) and E%(x, ¢) into the right-hand part of equations (15.1)
and (15.3) gives the first-order approximation

AM(x, 1) = Agexp(— pa1), (19.1)
BY(x, 1) = ap[1 — exp(—pat)]. (19.2)
CH(x,1)=Ao— AM(x, 1) — BM(x, 1), (19.3)
EW(x, 1) = Egexp(—gx), (19.4)
where
p1=asko, (19.5)
p2= P2+ BsEo, (19.6)
AoE
o = DA (19.7)
P2
q = &1+ &240. (19.8)
The second-order approximation can be written as
AP(x, 1) = Agexp[— p1(x)t], (20.1)
B'\(x, 1) = bp{exp(— p11) — exp[— p2(x)1]} (20.2)
CP(x,1)=Ao— A (x, 1) — B?(x, 1), (20.3)
E@(x, 1) = Egexp[—q1(1)x], (20.4)
where
p1(x) =azEgexp(—gx), (20.5)
p2(x) = B2 + PsEo exp(—qx), (20.6)
AoE —
o) = PHALO X —4Y) (20.7)
p2(x) — p1

q1(t) = &1+ £2a3 + £2A0 €XP(— p1t) — €202 EXP(—p2t). (20.8)
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Comparing the two methods described, it should be noted that both methods give
the similar results when one keeps in expressions (8.5) and (8.6) the main term only in
the method of the new coordinate system introduction or the second-order results of the
method in successive iterations.

4, Conclusion

We proposed four mathematical models describing photochemical kinetics in the
systems with absence of reagent mobility. The method was developed giving an op-
portunity to obtain the exact solutions of the mathematical models and two methods
of obtaining the approximate solutions. Although transforming from(the) indepen-
dent variables to théE, ¢) ones gives us the possibility to obtain the exact solutions, this
method is connected with difficulties arising during integrals evaluating. The method of
successive iterations has more wide area of applications, but it is more time consuming
and gives very complicated formulas. However, both methods give the similar results
and may be used in applications. The expressions for dependence of intensity of UV
light passed through a film with photochemical reactions having place against the irradi-
ation time give a basis for easy and exact determination of the kinetic parameters for the
reactions involved.
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Appendix. Estimates of errors arising from abolishing all terms but main onesin
q1(E, 1) and q2(E, 1)

The absolute errors of the approximations for the reactions 1 and 2 may be esti-

mated as
/EO [ 1 1 }du
e Lqi(u,t)  qi1(Eo, 1) | u

Taking into account the definition afi(E, t) one may transform the expres-
sion (A.1) to

Axl,z = . (A.l)

(A.2)

& /EO A(Eo, t) — A(u, t) du
Axl’z = —_—
Q1(EO, t) E

q1(u, 1) u |
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For the first reaction
€2 /EO exp(—pEgt) — exp(—out) du
q1(Eop, 1) E q1(u,t) u

It is obvious that the maximum of the expression in the integral is achieved at
u = EwhenE < u < Eg. This gives us an opportunity to write

/E T e (A.3)

ugi(u,t)’

Axl =

apn — dadp
q1(Eo, 1)

Using equation (A.3) the relative error feris to be determined as

AoVi(pEot), (pET)

X1 <

ap —dap
———Vi(pEot, pET)
q1(Eo, 1)

For the second reaction under study one may write

&2 Eo (k(Ag+ Bo)p(u — Eg)
Aofexp —1(k

dx1 < Ao

: (A.4)

sz =

d
+ k(Ao + Bo) Valk + @ Eo, k + @u, t)}};u’- (A.5)

Let us introduce a new functiom (1) as

_ @k(Ao + Bo)(u — Eo)
pr(u) = *+ pEo)k + om) + AoVa(t(k + @Eo), t (k + gu))

+ k(Ao + Bo)Valk + @ Eqg, k + u, t),

where

Va(x, y. 1) = {exp(—tx) 3 exp(—1y) }

x y
Taking into account that; (x) > O for E < u < Ej, |p1(u)| takes its maximum at
u = E. From this we can obtain an estimate fap

5%, < (aax —ap)(k + ¢Ep) p1(E)
= | (Ao + Bo)(kaa + 9 Eoap) + (pEoAo — kBo) expl—t (¢ + kEo)] ('A 0

Absolute error of the approximation in the case of the third and fourth type reac-

tions can be found due to
/EO [ 1 1 j|du
e Lg2(u,t)  qo(Eo, 1) | u

. (A7)

Axz 4 =
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Taking into account definition af,(E, t), one can transform expression (A.7) to

&2 Eo A(Eg,t) — A(u, t) du
AX3’4= —
q2(Eo, 1) qo(u,t) u
€3 /Eo B(Eo, t) — B(u, t) du (A8)
q2(Eo, 1) qo(u, 1) u | '
For the third reaction
Axs &g0Ap /Eo Vit Eo, tou) du
f]z(Eo, 1) uqgo(u,t)
A Eo E
£30f { O yi(pEot, ki) — —2 V1(<pm,kt)}7.
qZ(EO’ t) k - (/)EO k - (pM MQZ(M, t)
(A.9)
Hence, one can write
A A2\ (wEor. Et)/EO Clu
X |—F 1l @ —
3 qz<Eo, n B0 £ uga(u, 1)
(pAO{;‘g Eo |: EO u
Vi(pEt, kt) — Vi(out, kt) | ————|.
42(Eo, 1) k—¢Eq —ou " uga(u, 1)
(A.10)

Let us introduce another functigin (u):

Eo
p2(u) = 7V1(<pEot kt) — p

“ Vi(out, kt).
k — — pu

Whenk — gu < 0 thenp,(u) < 0, and

E2
dx3 < Ag T’)W@Eof @Et)
F Aol —2 { B0y (wEot k) — —EVi(pEt kt)H (A.11)
YA 1Y Lol, - 1pLi, . .
q2(Eo, 1) | k — ¢Eg k—oE

For the fourth type reaction

A €240 / Vi(o1Eot. prEf)—
Xp=|——— 1(@1Lof, Y1 —
q2(Eo, 1) ugz(u, 1)
83A0(p1 1 /EO du
Vi(p1Eot, p2Eot) — Vi(guut, pout) | ————|.
q2(Eo, 1) 2 — @1 JE [ ]MJZ(M, 1)

(A.12)
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o du
/E ugo(u, t)

Eo dy
/E ugo(u, )’

Hence, one may obtain

€240
q2(Eo, 1)
e3Aop1
q2(Eo, 1) 92 — ¢1

Axg < Vi(e1Eot, p1Et)

p(u, 1)

where

p(u, t) = Vi(g1Eot, p2Eot) — Vi(prut, pout).
Functionp (u, r) takes its maximum foE < u < Eg when

1
w=—— 1%,
(g1 —92) @2
and
01/ (p1—92)
©2 ¢1
maxp (u) = Vi(p1Eot, p2Eof) + (—) (1 - —>.
@1 @2
But then
8x4 < Ao| —2— V(g1 Eot, g1 ED)
Xax Ao|— = Yal@1Lol, 91
q2(Eo, 1)
»1/(p1—92)
&3 ¥2 ¥1
+ Aoy [V1(<P1Eol‘, p2Eot) + (-) (1 - —>:| ’
q2(Eo, 1)(¢2 — ¢1) ¢ ®2
(A.13)
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